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Abstract
We investigate the dynamics of two bosons trapped in an infinite one-dimensional optical lattice
potential within the framework of the Bose-Hubbard model and derive an exact expression for the
wavefunction at finite time. As initial condition we chose localized atoms that are separated by a
distance of d lattice sites and carry a center of mass quasi-momentum. An initially localized pair
(d = 0) is found to be more stable as quantified by the pair probability (probability to find two
atoms at the same lattice site) when the interaction and/or the center of mass quasi-momentum
is increased. For initially separated atoms (d 6= 0) there exists an optimal interaction strength
for pair formation. Simple expressions for the wavefunction, the pair probability and the optimal
interaction strength for pair formation are computed in the limit of infinite time. Whereas the
time-dependent wavefunction differs for values of the interaction strength that differ only by the
sign, important observables like the density and the pair probability do not. With a symmetry
analysis this behavior is shown to extend to the N -particle level and to fermionic systems. Our
results provide a complementary understanding of the recently observed [Winkler et al., Nature
(London) 441, 853 (2006)] dynamical stability of atom pairs in a repulsively interacting lattice gas.
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I. INTRODUCTION
The physics of particles trapped in periodic potentials has been a topic of extensive re-
search since the early days of quantum theory [1–3]. The progress in experimental techniques
during the last two decades which has led to the realization of atomic Bose-Einstein con-
densates (BECs) in optical lattice potentials and the possibility to tune the inter-atomic
interaction via Feshbach resonances has renewed this interest [4–6]. Because of the high
control over the system’s parameters and the absence of strong dissipation channels, it is
possible to simulate periodic systems isolated from other effects like, for example, phononic
degrees of freedom which play an important role in solid state physics. Due to this isola-
tion not only ground state properties but also the excited states and the dynamics of such
systems play a crucial role in the understanding of present experiments.
Of special interest for this work is the experiment recently done by Winkler et al. [7]
who show that two repulsively interacting atoms initially prepared at one site of an op-
tical lattice potential separate less rapidly than their non-interacting counterpart. After
this experiment several theoretical works on the topic followed, most of them within the
framework of the Bose-Hubbard model. Different two-body problems (with several trapping
potentials and interactions) are investigated in [8–15]. Other authors study the effect using
a larger ensemble of particles [16, 17]. But pairing induced by a repulsive interaction is
not restricted to bosonic atoms, it is a relevant topic for fermions as well [18–20]. A work
that does not use the framework of a Hubbard or Bose-Hubbard model is an extension of
an older work on fermionic pairing in the context of high temperature superconductivity
by Mahajan and Thyagaraja [21, 22], who point out that the effect of pairing by repulsion
has three ingredients, namely quantum mechanics, a periodic potential and a short range
interaction.
In this work we are interested in pairing by repulsion (or attraction) from the viewpoint of
dynamics. Usually the computation of quantum dynamics is a difficult task and a hot topic
of actual research [23–27]. Because of the complexity of the problem approximations are
often a must and most computations are based upon numerical methods. Therefore, exactly
solvable models are of special interest. In this work we present an exact solution of the two-
body dynamics of two initially localized atoms carrying a center of mass quasi-momentum
within the framework of the Bose-Hubbard model. The solution is then applied to the
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physical problem of pairing of two bosonic atoms trapped in an optical lattice potential.
Common observables are found to depend only on the magnitude of the interaction strength
but not on its sign. With a symmetry analysis this behavior is shown to extend to the
corresponding (bosonic or fermionic) N -particle system. The paper is structured as follows.
In Sect. II we derive the time-dependent wavefunction and discuss results of the dynamics
at finite time. A simple way to solve the dynamics in the limit of infinite time is presented in
Sect. III. The following section (Sect. IV) is concerned with the question how the dynamics
of the pair and some generalization for the N -particle system depend on the sign of the
interaction strength. Finally, in Sect. V we summarize the findings and give a short outlook.
II. DYNAMICS AT FINITE TIME
A. The time-dependent wavefunction
The Bose-Hubbard model mostly is used in its second quantized version [28]. The Hamil-
tonian describing particles in an infinite one-dimensional periodic potential reads
Hˆ = −J
∑
α∈Z
(
bˆ†αbˆα+1 + bˆ
†
α+1bˆα
)
+
U
2
∑
α∈Z
nˆα (nˆα − 1) . (1)
As usual bˆ†α/bˆα is the creation/annihilation operator and nˆα the number operator for a par-
ticle at site α, which is described by a Wannier function centered around the lattice site.
J and U denote the tunneling rate between neighboring sites and the on-site interaction,
respectively. When treating two-particle systems within the Bose-Hubbard model its repre-
sentation in first quantization is more convenient [7, 29, 30]. The two-particle Schro¨dinger
equation is then given by the expression
− J [∆x +∆y] Ψ(x, y) + Uδx,yΨ(x, y) = EΨ(x, y). (2)
The coordinates x and y are elements of the lattice Γ = Z (lattice constant a = 1) and for
the Laplace operator on the lattice we define ∆xΨ(x) = Ψ(x + 1) + Ψ(x − 1). To exploit
the translational symmetry we introduce relative and center of mass coordinates r = x− y,
R = x+y
2
. The center of mass coordinate is an element of the lattice Γ′ = (Z/2), while the
relative coordinate is an element of the original lattice Γ. For the wavefunction the usual
ansatz Ψ(x, y) = eiKRΨK(r) can be made. The time-independent Schro¨dinger equation thus
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transforms to
[−JK∆r + Uδr,0] ΨK(r) = EKΨK(r) for K ∈ [−pi, pi] , (3)
where JK = 2J cos(K/2) is an effective hopping parameter. Please see [41] for an argument
why K ∈ [−pi, pi] although the center of mass lattice Γ′ has a lattice constant of aCM = 12 .
The solutions of the above eigenvalue equation consist of one bound state and a continuum of
scattering states for each value ofK [7, 8]. In contrast to the corresponding continuum model
with delta function interaction [31], the bound state exists also for repulsive interaction. For
the bound state wavefunction and energy there are two distinct expressions, one for attractive
interaction and one for repulsive interaction
ΨBSK (R, r) =


eiKR√
2pi
√
|UK |
4
√
U2K+1
(√
U2K + 1− |UK |
)|r|
, for U < 0,
eiKR√
2pi
√
UK
4
√
U2K+1
(
UK −
√
U2K + 1
)|r|
, for U > 0,
(4)
EBS(K) =


−
√
U2 + 4J2K , for U < 0,√
U2 + 4J2K , for U > 0.
(5)
UK = U/(2JK) denotes an effective interaction parameter. We note that the bound state
has the same density ρBSK (R, r) =
∣∣ΨBSK (R, r)∣∣2 for repulsive and for attractive interaction.
Its energy lies below the scattering continuum for U < 0 (lowest state in energy) and above
it for U > 0 (highest state in energy). The scattering states appear in the literature in an
unnormalized form. We provide here the normalized functions
ΨK,k(R, r) =
1√
2pi
eiKR√
pi
(
1 +
U2K
sin(k)2
)
{
cos(kr) +
UK
sin(k)
sin(k |r|)
}
, (6)
E(K, k) = −2JK cos(k), (7)
k ∈ [−pi, pi]. Note the symmetry of the spectrum for K → −K and k → −k.
Given an initial state at t = 0 the dynamics of the system can be computed with the
time evolution operator Uˆ(t) = e−iHˆt (~ = 1). Making an expansion in the eigenbasis of
the Hamiltonian this calculation can be done explicitly. As an initial condition we make
the choice Ψ0,0(R, r) =
eiQR√
2pi
δr,0 to describe two particles sitting at the same lattice site
and having a center of mass quasi-momentum Q, or Ψ0,d(R, r) =
eiQR√
2pi
1√
2
(δr,d + δr,−d) for
two particles that are initially separated by a distance of d lattice sites. Expanding the
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initial state into the above basis and propagating it in time we find the time-dependent
wavefunction
ΨU≤0(R, r, t) =
eiQR√
2pi

cdI(r, t) + cd e
i
√
U2+4J2Qt |UQ|√
1 + U2Q
(√
1 + U2Q − |UQ|
)|r|+|d| , (8)
ΨU≥0(R, r, t) =
eiQR√
2pi

cdI(r, t) + cd e
−i
√
U2+4J2QtUQ√
U2Q + 1
(
UQ −
√
U2Q + 1
)|r|+|d| . (9)
cd is a normalization constant which equals one for d = 0 and
√
2 for d 6= 0. The function
I(r, t) is given by
I(r, t) =
∫ pi
0
dk
pi
ei2JQt cos(k)
fd(k)fr(k)
1 +
U2Q
sin(k)2
, (10)
fn(k) = cos(kn) +
UQ
sin(k)
sin(k |n|), (11)
where n ∈ Z. It is a closed form integral expression that can easily be evaluated numerically
with standard computer algebra programs. In what follows we use the notation
Ψ(R, r, t) =
eiQR√
2pi
ΦQ(r, t) (12)
to have an explicit expression for the time-dependent wavefunction in the relative coordinate
at hand. We note that ΦQ(r, t) stands for the expression in brackets in Eq. (8) [Eq. (9)]
for U ≤ 0 (U ≥ 0). Since the wavefunction in the center of mass coordinate is a spa-
tially oscillating exponential function, the two-particle density depends only on the relative
coordinate.
B. Dynamics of the pair probability and the density in the relative coordinate
We are interested in the question how a pair forms or dissociates in time. To quantify
the process we use the pair probability which measures the probability to find two particles
at the same lattice site [15]. The pair probability is of special interest because it is one
of the observables used in the experiment on repulsively bound atom pairs [7]. For a two-
particle system it can be defined as the expectation value of the pair operator Pˆpair =∑
α∈Z |nα = 2〉 〈nα = 2| which in first quantization reads Pˆpair = δr,0. Therefore, the pair
probability equals the density in the relative coordinate at point r = 0,
Ppair(t) = |ΦQ(r = 0, t)|2 . (13)
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Our second observable is the variance of the pair probability which we use to measure
its fluctuations. We note that the pair operator is a projector and fulfills the relation
Pˆ 2pair = Pˆpair. Hence, the variance of the pair probability can be written as a function of the
pair probability itself:
σ2pair(t) =
〈(
Pˆpair −
〈
Pˆpair
〉)2〉
= Ppair(t) [1− Ppair(t)] . (14)
As a third observable we monitor the density in the relative coordinate in order to get an
impression how the initial wave packet changes its shape. It is given by
ρ(r, t) = |ΦQ(r, t)|2 . (15)
All calculations have been carried out for J = 1 and Q = 0. Other values of the hopping
parameter and the center of mass quasi-momentum scale the time t linearly with JK =
2J cos(K/2) and the on-site interaction U inversely with JK [42].
The three computed quantities, Ppair(t), σ
2
pair(t) and ρ(r, t) depend only on the magnitude
of the interaction strength and not on its sign. Therefore, it is sufficient to treat the case
U ≥ 0. We note that this behavior is a nice explanation for the existence of repulsively
bound atom pairs. Using the initial conditions from Sect. II, the repulsively interacting
particles act as if they would attract each other and vice versa. Hence, there is a strong
relation between the phenomena of binding by repulsion and binding by attraction. In
Sect. IV we will derive a similar result for the N -particle system which gives a direct link to
the experiment on repulsively bound atom pairs.
When we start the dynamics with two atoms localized at the same lattice site [see
Fig. 1(a)] the pair probability starts at Ppair(t = 0) = 1. For U = 0 it oscillates for small
times and then rapidly goes to zero as 1/t for large t. For U 6= 0 this behavior changes.
Again, we have some oscillations for small times but for large t the pair probability evolves
towards a finite asymptotic value. This asymptotic value is reached more quickly in case of
a larger interaction strength. Additionally, the asymptotic value of the pair probability is
found to increase with the interaction strength. For an arbitrary fixed time the pair prob-
ability is an increasing function of the interaction strength. Hence, we conclude that if we
start the dynamics with a pair (two particles at the same lattice site), a large interaction
strength stabilizes the pair. Since the effective interaction strength scales inversely with
cos(Q/2) [42] also a large center of mass quasi-momentum stabilizes an initially prepared
atom pair (for U 6= 0).
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If we start the dynamics with two atoms sitting at adjacent lattice sites [d = 1, Ppair(t =
0) = 0] the qualitative shape of the pair probability changes although some phenomenology
stays the same [see Fig. 1(b)]. In the non-interacting case (U = 0) we again have some
oscillations for small times, and again Ppair(t) goes to zero for large times. Additionally, like
for d = 0 the pair probability evolves towards a finite asymptotic value as long as U 6= 0.
An important difference is that it has a maximum as a function of U for all finite t (except
for very small times). The existence of this maximum can be understood as an interplay
between two effects in the process of pair creation. As long as the two particles are separated,
a small interaction strength is needed for pair formation. But when the particles have come
together and are sitting at the same lattice site, a large interaction strength is needed to
stabilize the pair. Hence, there exists an optimal interaction strength for pair formation
which we have computed analytically in the limit of infinite time, see Sect. III.
We note that the argumentation used to explain the existence of an optimal interaction
strength for pair formation holds for repulsive as well as for attractive interaction. In the
latter case a strong attractive interaction keeps the atoms apart from each other which is
counterintuitive at first sight. The effect can be understood in the following way. Two
atoms coming together at one lattice site lower their interaction energy and due to energy
conservation they gain additional kinetic energy. When the width of the first Bloch band
(4JQ) is smaller compared to U this process is strongly suppressed.
The variance of the pair probability as a function of the pair probability itself σ2pair(t) =
Ppair(t) [1− Ppair(t)] is symmetric around Ppair(t) = 12 where it takes its maximum; and for
Ppair(t) = 0, 1 it equals zero. We conclude that the variance is small whenever the pair
probability is near to zero or one. Large fluctuations occur only in case of intermediate
pair probabilities. For d = 0 and d = 1 the variance of the pair probability plotted as a
function of U and t has very similar characteristics, see Fig. 2. For U = 0 both curves start
at σ2pair(t) = 0, then they quickly increase, oscillate and go to zero for large times. Like in
the case of the pair probability, this behavior changes when a finite interaction strength is
turned on. The two surfaces now converge to an asymptotic value larger than zero. For all
fixed and not too small times t (t > 2 is sufficient), both functions possess a local maximum.
In case of d = 1 this maximum coincides with the maximum of the pair probability since
the latter mentioned is smaller than 1
2
for all U and t, and hence in this regime a large pair
probability always goes hand in hand with large fluctuations of this quantity.
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What about the density? If we start the dynamics with two particles at one lattice site
(d = 0) and set U = 5 the initially localized wave packet splits into three wave packets
that are propagating in time, see Fig. 3. The wave packet centered around r = 0 describes
the time evolution of a pair while the other two wave packets describe the separation of
the two particles. We remind that the density at r = 0 equals the pair probability. The
fact that we see two wave packets describing the separation of the particles is due to the
bosonic symmetry of the wavefunction. For two particles that initially sit at adjacent lattice
sites (d = 1) the picture qualitatively looks the same, see Fig. 4. As one would expect the
wave packet describing the time evolution of the pair is less pronounced which means that
the particles separate with a higher probability. If we start the dynamics with larger initial
distances the dynamics of the density becomes more complicated. For d = 5 the initial wave
packet splits into four wave packages that have a much broader shape than in the case of
d = 0 or d = 1, see Fig. 5. The wave packet describing the pair propagation has nearly
vanished.
III. ASYMPTOTIC DYNAMICS
In the previous section we have seen that the pair probability is converging rapidly towards
an asymptotic value for large times. We are interested in this asymptotic value and therefore
compute the wavefunction, the pair probability and its variance in the limit of infinite time.
The calculation can easily be done with the help of the Riemann-Lebesgue lemma which is
used to show that the function I(r, t) defined in Eq. (10) vanishes in the desired limit, see
App. A. The asymptotic wavefunction reads
ΨaU≤0(R, r) = cd
eiQR√
2pi
|UQ|√
1 + U2Q
(√
1 + U2Q − |UQ|
)|r|+|d|
, (16)
ΨaU≥0(R, r) = cd
eiQR√
2pi
UQ√
U2Q + 1
(
UQ −
√
U2Q + 1
)|r|+|d|
. (17)
We note that it is not normalized anymore. This is because Ψ(t) converges to Ψa only
pointwise and not in the l2 norm. The same behavior can be found for example for a
textbook Gaussian wavefunction describing the dynamics of a particle in free space [32]. For
all times the wavefunction is normalized. In the limit of infinite time it converges pointwise
to zero but it does not converge to the constant zero function in the L2 norm. In our case this
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property can make the calculation of other asymptotic quantities more demanding because
one may not be allowed to interchange summations coming from the l2 scalar product with
the time limit.
¿From the asymptotic wavefunction we compute the asymptotic pair probability
P apair = c
2
d
U2Q
U2Q + 1
(√
1 + U2Q − |UQ|
)2|d|
, (18)
where UQ =
U
2JQ
= U
4J cos(Q/2)
. For d = 0 the formula reduces to P apair =
U2Q
U2Q+1
which is
a strictly increasing function of the effective interaction parameter and approaches one for
large effective interaction strengths, see Fig. 6(a). Hence, also from the asymptotic pair
probability we can conclude that a large interaction strength or a large center of mass quasi-
momentum stabilizes an initially prepared pair. As expected, the asymptotic pair probability
has a local maximum for all d 6= 0, see Fig. 6(a) for d = 1, 2. The location of this maximum
defines the optimal interaction strength for pair formation which is given by
UmaxQ (d) = ±
√√√√
√
1 + 4
d2
− 1
2
. (19)
We note that UmaxQ (d) is a strictly decreasing function of the initial distance d. Hence, if we
chose a larger initial distance the optimal effective interaction strength for pair formation
will be smaller.
As we have seen in Sect. II, the variance of the pair probability is a function of the pair
probability itself. The same holds for the asymptotic variance of the pair probability which
reads
σapair = P
a
pair
[
1− P apair
]
, (20)
see Eq. (14). It has a local maximum for all values of the initial distance d, see Fig. 6(b)
for d = 0, 1, 2. In case of d > 0 the asymptotic pair probability is always smaller than 1
2
and we can conclude that the maxima of the asymptotic pair probability and its variance
coincide. Hence, in this regime a large pair probability always leads to a large variance of
this quantity.
IV. DYNAMICAL SYMMETRY IN THE N-PARTICLE SYSTEM
In Sect. II B we have shown that the time-dependent pair probability, its variance and
the time-dependent density do not depend on the sign of the interaction strength U . This
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behavior is an important finding because it provides an explanation for the existence of
repulsively bound atom pairs that is complementary to the one given in [7]. If a repulsive
interaction leads to the same time-dependent pair probability as an attractive interaction
of the same magnitude, why should there be no dynamical stability of an initially prepared
pair? Nevertheless, until now we have investigated the dynamics of two particles whereas
the experiment has been performed with a gas consisting of approximately 2 · 104 atoms.
To be able to make statements also in this regime, we extend the result on the invariance
of the three observables under a change of the sign of U from Sect. II B and show that a
similar statement holds for the N -particle system, provided one chooses the “right” initial
conditions. Interestingly, for its proof one does not need to specify the statistics of the
particles - it works for bosons and for fermions alike. As a prerequisite we discuss simple
relations between the spectra and eigenfunctions of the attractive and the repulsive Bose-
or Fermi-Hubbard model.
It is well known that the Bose-Hubbard model with two lattice sites (Bose-Hubbard
dimer) possesses a symmetry connecting the attractive and the repulsive Hamiltonian. This
symmetry leads to relations between static properties like for example the energy spectrum
of the attractive and the repulsive system [33–36]. As was first realized and quantified in
[37] the symmetry also affects the dynamics and leads to a dynamical symmetry in the
Bose-Hubbard dimer. The authors could show that the Bose-Hubbard model dictates an
equivalence between the time evolution of the survival probability and fragmentation of
the attractive and the repulsive system if all N particles initially reside in one of the two
wells. A short time afterwards it was shown that the time evolution of expectation values
in the Fermi-Hubbard model under certain conditions does not depend on the sign of the
interaction strength [38]. The main result we present here (Theorem 2) is an extension of
some of the results to be found in [37, 38] for a more general class of operators and initial
conditions.
A. A relation between the spectra and eigenfunctions of the attractive and the
repulsive model
We start the analysis with the definition of the unitary operator [37]
Rˆ = {aˆα → (−1)α aˆα} . (21)
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It changes the sign of the creation and the annihilation operator at every second lattice site
and thereby shifts the quasi-momentum of each particle by pi, see App. B. By aˆα we denote
a bosonic or fermionic creation operator for a particle at lattice site α. Possible spin indexes
are surpressed since they do not play a role. For convenience we assume a one-dimensional
infinite lattice Γ = Z but everything still works for a finite lattice with periodic boundary
conditions for an even number of lattice sites and in higher dimensions. When we assume
the Bose-Hubbard or Fermi-Hubbard Hamiltonian [43], the following relation holds [37]
RˆHˆ(U)Rˆ = −Hˆ(−U). (22)
Using this equality it is easy to proof a statement about the spectrum and the eigenfunctions
of the Hamiltonian Hˆ(U).
Theorem 1: Let |Ψ(U)〉 be an eigenfunction of the Hamiltonian Hˆ(U) with eigenvalue
E(U). Then |Ψ(−U)〉 = Rˆ |Ψ(U)〉 is an eigenfunctions of Hˆ(−U) with eigenvalue E(−U) =
−E(U).
Proof: Assume we are given the solution of the time-independent Schro¨dinger equation
with interaction strength U , Hˆ(U) |Ψ(U)〉 = E(U) |Ψ(U)〉. When we let Rˆ act on both sides
of this equation we find Hˆ(−U)Rˆ |Ψ(U)〉 = −E(U)Rˆ |Ψ(U)〉. 
Hence, the simple relation between the Hamiltonian of the attractive and the repulsive
model leads as well to simple relations between their spectra and eigenfunctions. Theo-
rem 1 can also be interpreted as a statement about the existence of repulsively bound states
in the two models which can be seen as follows. We know that the wavefunctions of the
attractive and the repulsive system are related by the operator Rˆ. Translated to first quan-
tization this relation reads Ψ(x1, ..., xN ,−U) = (−1)x1+...+xNΨ(x1, ..., xN , U) (see App. B),
and consequently the density of Ψ(U) and of Ψ(−U) equal each other. From this it fol-
lows that if Ψ(U) is square summable the same must be true for Ψ(−U). Therefore, the
Bose-Hubbard and the Fermi-Hubbard model with attractive and repulsive interaction of
the same magnitude have an equal number of bound states (square summable wavefunc-
tion). This surprising finding is a pure lattice effect and contrasts with quantum mechanics
in a continuous coordinate space where potentials usually do not have bound states anymore
when their character is changed from attractive to repulsive.
As an example we mention the solution of the time-independent Schro¨dinger equation
[Eq. (3)] from Sect. IIA. As already mentioned the spectrum of the Hamiltonian consists
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of a scattering continuum [Eq. (7)] whose energy is invariant under the operation E → −E
and a bound state below or above the scattering continuum for attractive and repulsive
interaction, respectively [Eq. (5)]. The bound state wavefunctions of the two systems differ
by a factor of (−1)|r| = (−1)x+y.
B. Invariance of time-dependent expectation values under the transforma-
tion U → −U
As we have seen in the previous subsection, Eq. (21) leads to simple relations between the
spectra and eigenfunctions of the attractive and the repulsive system. This certainly affects
also the dynamics. Upon operation of Rˆ, the transformation of the spectrum (E → −E)
leads to a reversal of time; the transformation of the wavefunction (Ψ → RˆΨ) is not that
intuitive, see App. B. Nevertheless, with a little more effort needed to derive the time-
independent result it is possible to make a statement about time-dependent properties as
well. We start with a definition.
Definition: We call an operator Oˆ real if it has only real coefficients when being expressed
with the creation and annihilation operators aˆα and aˆ
†
α. An operator that is given by matrix
elements in the Wannier basis [44] is called real if all its matrix elements are real.
Using the definition we state the main result of this section:
Theorem 2: Let Oˆ be a hermitian operator that can be written as Oˆ = Oˆr + iOˆi, where Oˆr
and Oˆi are real operators and fulfill the relations Rˆ Oˆr Rˆ = Oˆr and Rˆ Oˆi Rˆ = −Oˆi. We
assume that Hˆ(U) is the Bose-Hubbard or Fermi-Hubbard Hamiltonian. The initial condition
reads Ψ0 = ϕ+ iχ where ϕ and χ are assumed to be real functions on the lattice Γ
N = ZN .
Additionally, ϕ and χ are eigenfunctions of Rˆ with different eigenvalues, in formulas Rˆ |ϕ〉 =
± |ϕ〉 and Rˆ |χ〉 = ∓ |χ〉. Then the following relation for the time-dependent expectation
value of Oˆ is true: O(U, t) = O(−U, t).
Proof: We give here the proof only for the special case when Ψ0 is a real function on Γ
N
and Oˆ is a real operator in analogy to [37]. The general proof can be found in App. C. We
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write the expectation value of Oˆ as
O(U, t) = 〈Ψ0| eiHˆU tOˆ e−iHˆU t |Ψ0〉 (23)
= 〈Ψ0| cos(HˆUt)Oˆ cos(HˆU t) |Ψ0〉
+ 〈Ψ0| sin(HˆU t)Oˆ sin(HˆU t) |Ψ0〉
− 2 Im
[
〈Ψ0| sin(HˆU t)Oˆ cos(HˆU t) |Ψ0〉
]
.
The problem we have to manage is to change the sign of U with an insertion of Rˆ2 = 1
factors without changing the direction of time. This is because Rˆe−iHˆU tRˆ = eiHˆ−U t. On
that account, let us analyze the matrix element 〈Ψ0| sin(HˆU t)Oˆ cos(HˆU t) |Ψ0〉. All operators
have only real coefficients when being expressed with aˆα and aˆ
†
α or when being expanded
in the Wannier basis. Additionally, the creation and annihilation operators produce only
real numbers when acting on occupation number states (or Wannier basis states which is
the same in this setting) and the wave function at time zero Ψ0 can be expanded into the
Wannier basis with real coefficients only (it is a real function on ΓN). Hence, the overall
matrix element is real and its contribution to the expectation value of Oˆ vanishes. We find
O(U, t) = 〈Ψ0| cos(HˆU t)Oˆ cos(HˆU t) + sin(HˆU t)Oˆ sin(HˆUt) |Ψ0〉 . (24)
Now we can insert Rˆ2 = 1 factors between all operators and thereby change the sign of the
interaction strength U without changing the direction of time. When we additionally use
the two relations RˆOˆRˆ = Oˆ and RˆΨ0 = ±Ψ0 the result of Theorem 2 can be shown. 
Let us discuss the applications of Theorem 2. First we note that it applies to the two-
particle dynamics of Sect. II. The initial condition Ψ0,0(R, r) =
eiQR√
2pi
δr,0 reads |Ψ0,0〉 =∑
x,y∈Γ
eiQ(x+y)/2√
2pi
δx,ybˆ
†
xbˆ
†
y |0〉 =
∑
x∈Γ
eiQx√
2pi
(
bˆ†x
)2
|0〉 in second quantization, also see App. B.
When we let Rˆ act on this state we find Rˆ |Ψ0〉 = |Ψ0〉, but obviously the expansion co-
efficients are not real. This can be circumvented by using the Hamiltonian of Eq. (3) as
the starting point. In second quantization it reads Hˆ(U) = −JK
∑
α∈Γ bˆ
†
αbˆα+1 + h.c. + Unˆ0
and fulfills Eq. (22) as well. Restricted to the one-particle subspace (of the Fock space)
its dynamics are the one governed by the original Hamiltonian in the relative coordinate
(the wavefunction in the center of mass coordinate is constant in time), and hence as initial
condition we have to use Ψr0,0(r) = δr,0. In second quantization this reads
∣∣Ψr0,0〉 = bˆ†0 |0〉. It
still fulfills the relation Rˆ |Ψ0〉 = |Ψ0〉, and additionally has real expansion coefficients. The
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same calculation can be done with the initial condition Ψr0,d(r) =
1√
2
(δr,d + δr,−d) which in
second quantization reads
∣∣Ψr0,d〉 = 1√2
(
bˆ†d + bˆ
†
−d
)
|0〉. Acting with Rˆ on the state we find
Rˆ |Ψ0,d〉 = (−1)d |Ψ0,d〉. Hence, Ψr0,0 and Ψr0,d qualify as possible initial conditions. As ob-
servables we used the time-dependent pair probability, its variance and the time-dependent
density. For their computation we have to evaluate expectation values of the operators
Pˆpair =
∑
α∈Γ |nα = 2〉 〈nα = 2| which, when acting on one-particle states in the relative
coordinate, can be written as Pˆpair = bˆ
†
r=0bˆr=0 and nˆr = bˆ
†
rbˆr. Obviously, Pˆpair and nˆr
both are real and fulfill the relations RˆPˆpairRˆ = Pˆpair and RˆnˆrRˆ = nˆr. Therefore, all three
observables and with a little trick also the initial conditions qualify for an application of
Theorem 2. The result explains why the dynamics of our observables does not depend on
the sign of the interaction strength U .
How can Theorem 2 be used to extend the invariance properties of the pair probability,
its variance and of the density to the N -particle system? First, we need to find appropriate
observables. The pair probability (probability to find two particles at the same lattice site)
for N particles can be written as the expectation value of a pair operator as well. It reads
[15]
Pˆpair =
2
N
∑
n∈N
|ϕn〉mn 〈ϕn| , (25)
where by {ϕn}n∈N we denote the Wannier basis of the N -particle Hilbert space [44]. The
number mn counts the pairs in each Wannier basis state and the prefactor
2
N
assures the nor-
malization. We highlight that the pair operator is a N -particle operator, and consequently
the full wavefunction is needed to compute its expectation value. The fact that the Wannier
basis states are eigenfunctions of Rˆ [45] can be used to show that Rˆ Pˆpair Rˆ = Pˆpair holds.
For the computation of the variance of the pair probability we also need to compute the
expectation value of Pˆ 2pair which has the same properties. As an equivalent for the density
in the two-particle system we choose the p-particle density (p ≤ N) that is given by the
expectation value of the operator
nˆp(x1, ..., xp) =
(N − p)!
N !
aˆ†x1 · ... · aˆ†xp aˆxp · ... · aˆx1. (26)
Obviously, it qualifies for an application of Theorem 2 as well. As initial states for the two-
particle dynamics we have chosen particles that (in the relative coordinate) are described by
Wannier basis states, and on account of this describe particles that are localized to single
lattice sites. Since Wannier basis states describe real functions on ΓN and are eigenfunctions
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of Rˆ [45], we can choose them as possible initial conditions for the N -particle dynamics as
well. Nevertheless, Theorem 2 tells us that the class of all possible initial states is much
larger.
We conclude that Theorem 2 generalizes the invariance properties of the pair probability,
its variance and the density under the transformation U → −U to a system with N bosonic
or fermionic particles. Additionally, Theorem 1 tells us that repulsively bound states are
not a speciality of the two-particle system but will always occur when the attractive system
has bound states. The experiment on repulsively bound atom pairs has been performed
with atom pairs that initially have been localized to single lattice sites. Whether these
initial states qualify for an application of Theorem 2 is difficult to say. Nevertheless, if we
approximate the experimental initial state with a pure Wannier basis state we can show
that the dynamics do not depend on the sign of the interaction strength U . The stability of
repulsively interacting pairs therefore becomes very intuitive when we understand that the
lattice structure of the coordinate space forces the attractive and the repulsive system to
act very similar.
V. SUMMARY AND OUTLOOK
To summarize the findings, we have computed an exact expression for the time-dependent
wavefunction for two bosons trapped in an infinite one-dimensional optical lattice potential
within the framework of the Bose-Hubbard model. As initial conditions we have chosen
localized atoms that are separated by a distance of d lattice sites and carry a center of mass
quasi-momentum. An initially localized pair (d = 0) is found to be more stable as quantified
by the pair probability when the interaction and/or the center of mass quasi-momentum is
increased. In contrast, for two initially separated atoms there exists an optimal interaction
strength for pair formation.
To gain further information we have monitored the variance of the pair probability and the
density in the relative coordinate during the dynamical process. Analytical expressions for
the wavefunction, the pair probability and the optimal interaction strength for pair formation
have been derived in the limit of infinite time. We had to give two distinct expressions for the
time-dependent wavefunction for positive and negative interaction strength. In contrast, the
pair probability, its variance and the density in the relative coordinate are invariant under
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the transformation U → −U . This leads to the conclusion that for our initial conditions
the three observables have the same dynamics when being propagated with the attractive
or with the repulsive Hamiltonian.
In the second part of the paper we have extended this result and shown that also in the N -
particle system there exist time-dependent observables that stay the same when the sign of
the interaction strength U is changed. The time-dependent pair probability of the N -particle
system, its variance and the time-dependent p-particle density (p ≤ N) belong to this class.
Additionally, we have discussed a simple relation between the spectra and eigenfunctions
of the attractive and the repulsive Bose- or Fermi-Hubbard model. By showing that the
dynamics of the pair probability is the same in the attractive and in the repulsive N -particle
system, we provide a complementary understanding for the recently observed [7] dynamical
stability of atom pairs in a repulsively interacting lattice gas.
The explicit expression for the time-dependent wavefunction we have computed allows
one for studies which go far beyond the scope of this work. It would be an interesting
and challenging task to compute for example the one-particle reduced density matrix and
to study questions of entanglement during the dynamical process. Additionally, there is
evidence that the computation of the exact time-dependent wavefunction on the infinite
Bose-Hubbard lattice is possible for other classes of initial conditions, too.
The finding that the Bose- or Fermi-Hubbard Hamiltonian with attractive and repulsive
interaction have an equal number of bound states suggests that there is hope to experi-
mentally find also repulsively bound states consisting of three [39] or possibly even more
particles. In addition, the result on the equivalence of expectation values under the trans-
formation U → −U can be applied to the probability to find m (m ≤ N) particles at one
lattice site as well. The same holds for the probability to find two particles at one lattice
site and another one at a neighboring lattice site, which would model the situation of a
bound state consisting of a dimer and a monomer. The latter suggests that even though
such objects lie energetically above the scattering continuum, they nevertheless should be
dynamically stable when being part of a dilute lattice gas.
Financial support by the DFG is gratefully acknowledged.
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Appendix A: Asymptotic behavior of I(r, t)
To compute the asymptotic behavior of the wave function, the pair probability and its
variance, we need to compute the infinite time limit of the function I(r, t), see Eq. (10). This
can be done with the help the Riemann-Lebesgue Lemma which we state in the following
form [40]:
Riemann-Lebesgue Lemma: Let f be Lebesgue-integrable on [−pi, pi], then
lim
p→∞
∫ pi
−pi
f(x) eipxdx = 0. (A1)
In order to bring I(r, t) to a form that the Lemma is applicable, we do the coordinate
transformation q = cos(k). Using the relation sin[arccos(q)] =
√
1− q2 we find
I(r, t) =
∫ 1
−1
dq
pi
ei2JQtq√
1− q2 + U
2
Q√
1−q2
fd[arccos(q)]fr[arccos(q)] (A2)
with fn(k) = cos(kn)+
UQ
sin(k)
sin(k |n|). We note that the function fn[arccos(q)] is continuous
for all n ∈ Z. The expression 1√
1−q2+
U2
Q√
1−q2
in the denominator of Eq. (A2) is continuous as
well, and hence the Riemann-Lebesgue Lemma is applicable, leading to the result
lim
t→∞
I(r, t) = 0. (A3)
Therefore, the contribution from the scattering states to the pair probability and to the
density vanishes in the limit of infinite time.
Appendix B: The action of the operator Rˆ
In this appendix we provide formulas for the action of the operator Rˆ defined in Eq. (21)
on the annihilation operator of a particle with quasi-momentum k and on the wavefunction
in first quantization in coordinate and in quasi-momentum space. Since the wavefunction in
second quantization can be expressed with creation and annihilation operators, the action
of Rˆ on it is obvious. To compute its action on the wavefunction in first quantization we
recall the relation between first and second quantized wavefunctions
|Ψ〉 =
∑
x1,...,xN∈Γ
Ψ(x1, ..., xN ) aˆ
†
x1 ...aˆ
†
xN
|0〉 . (B1)
17
Here |Ψ〉 denotes the wavefunction in second quantization, Ψ(x1, ..., xN) the wavefunc-
tion in first quantization and |0〉 is the vacuum state. As already defined in Sect. IV
the operator aˆ†x denotes a bosonic or fermionic creation operator for a particle at site
x ∈ Γ. Possible spin indexes are suppressed. When acting with Rˆ on |Ψ〉 we find
Rˆ |Ψ〉 = ∑x1,...,xN∈ΓΨ(x1, ..., xN )(−1)x1+...+xN aˆ†x1...aˆ†xN |0〉, and hence the action of Rˆ on
the first quantized wavefunction is given by
RˆΨ(x1, ..., xN ) = (−1)x1+...+xNΨ(x1, ..., xN ). (B2)
As one could expect Rˆ changes its sign at every second lattice site. For two (or more)
particles this happens in a chess-pattern-like way.
How does Rˆ act on functions in momentum space? The annihilation operator of a particle
with quasi-momentum k reads aˆk =
1√
2pi
∑
x∈Γ e
ikxaˆx. Using the relation RˆaˆxRˆ = (−1)xaˆx
we find
RˆaˆkRˆ = aˆk+pi. (B3)
Having Eq. (B3) at hand we can compute the action of Rˆ on the first quantized wavefunction
in quasi-momentum space Ψ˜(k1, ..., kN). When we write the second quantized wavefunction
as |Ψ〉 = 1√
2pi
N
∫ pi
−pi dk1...
∫ pi
−pi dkNΨ˜(k1, ..., kN) aˆ
†
k1
...aˆ†kN |0〉 and act with Rˆ on it we find
RˆΨ˜(k1, ..., kN) = Ψ˜(k1 + pi, ..., kN + pi). (B4)
Hence, the operator Rˆ shifts the quasi-momentum of each particle by an amount of +pi.
Appendix C: Proof of Theorem 2
In Sect. IVB we have given the proof of Theorem 2 only for the special case when Ψ0
is a real function on ΓN and Oˆ is a real operator. Here we assume the general scenario of
Theorem 2. The initial condition reads Ψ0 = ϕ+ iχ, where ϕ and χ are real functions on Γ
N
and eigenfunctions of Rˆ with different eigenvalues, in formulas Rˆ |ϕ〉 = ± |ϕ〉, Rˆ |χ〉 = ∓ |χ〉.
The observable reads Oˆ = Oˆr + iOˆi with real operators Oˆr and Oˆi. Additionally, we assume
that they fulfill the relations Rˆ Oˆr Rˆ = Oˆr and Rˆ Oˆi Rˆ = −Oˆi. The expectation value of
Oˆ(t) = eiHˆU tOˆe−iHˆU t then reads
O(U, t) = 〈ϕ| Oˆ(t) |ϕ〉+ 〈χ| Oˆ(t) |χ〉 − 2 Im
[
〈ϕ| Oˆ(t) |χ〉
]
. (C1)
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Let us have a look at the first term of Eq. (C1). It reads 〈ϕ| Oˆ(t) |ϕ〉 = 〈ϕ| Oˆr(t) |ϕ〉 +
〈ϕ| iOˆi(t) |ϕ〉. The term 〈ϕ| Oˆr(t) |ϕ〉 is invariant under a change of the sign of the interaction
strength U because ϕ is a real function and Oˆr is a real operator, see Sect. IVB. The other
term can be written as
〈ϕ| iOˆi(t) |ϕ〉 = i 〈ϕ| cos(HˆU t)Oˆi cos(HˆUt) + sin(HˆU t)Oˆi sin(HˆU t) |ϕ〉 (C2)
− 2Re
[
〈ϕ| sin(HˆU t)Oˆi cos(HˆU t) |ϕ〉
]
.
Since Oˆi is a real operator the first matrix element is real. This is because all operators have
only real coefficients when being expressed with aˆα and aˆ
†
α or when being expanded in the
Wannier basis. The creation and annihilation operators produce only real numbers when
acting on occupation number states (or Wannier basis states which is the same in this setting)
and |ϕ〉 can be expanded into theWannier basis with real coefficients only (it is a real function
on ΓN). The matrix element is multiplied by the imaginary unit i, and hence its contribution
to the expectation value O(U, t) is purely imaginary. Because O(U, t) is a real function this
contribution has to vanish, thus 〈ϕ| cos(HˆU t)Oˆi cos(HˆU t) + sin(HˆU t)Oˆi sin(HˆU t) |ϕ〉 = 0.
The matrix element in the last term of Eq. (C2) is real because of the same reasons which
leads to
〈ϕ| iOˆi(t) |ϕ〉 = −2 〈ϕ| sin(HˆUt)Oˆi cos(HˆUt) |ϕ〉 . (C3)
Now we can again insert Rˆ2 = 1 factors between all operators and find
〈ϕ| iOˆi(t) |ϕ〉 = −2 〈ϕ| Rˆ sin(Hˆ−U t)RˆOˆiRˆ cos(Hˆ−U t)Rˆ |ϕ〉 . (C4)
¿From Rˆ sin(HˆUt)Rˆ = − sin(Hˆ−Ut) we get a factor of (−1) which cancels with the one
coming from RˆOˆiRˆ = −Oˆi. Similar analysis holds for the second term in Eq. (C1). We
conclude that 〈ϕ| Oˆ(t) |ϕ〉 and 〈χ| Oˆ(t) |χ〉 have the wanted invariance property.
What remains to check is the last term of Eq. (C1). It reads
Im
[
〈ϕ| Oˆ(t) |χ〉
]
= Im
[
〈ϕ| Oˆr(t) |χ〉
]
+ Im
[
〈ϕ| iOˆi(t) |χ〉
]
. (C5)
The first term of the right hand side of this equation can be written as
Im
[
〈ϕ| Oˆr(t) |χ〉
]
= Im
[
〈ϕ| cos(HˆU t)Oˆr cos(HˆU t) + sin(HˆU t)Oˆr sin(HˆUt) |χ〉 (C6)
+i 〈ϕ| sin(HˆU t)Oˆr cos(HˆUt)− cos(HˆU t)Oˆr sin(HˆUt) |χ〉
]
= 〈ϕ| sin(HˆU t)Oˆr cos(HˆU t)− cos(HˆU t)Oˆr sin(HˆU t) |χ〉 .
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To derive the result we have used the same argumentation as above to show that the matrix
elements are real. We insert the Rˆ2 = 1 factors to change the sign of U and thereby produce
a factor of (−1) coming from Rˆ sin(HˆU t)Rˆ = − sin(Hˆ−U t) which cancels with another one
coming either from Rˆ |ϕ〉 = ± |ϕ〉 or from Rˆ |χ〉 = ∓ |χ〉. Using the same arguments, the
second term of Eq. (C5) can be written as
Im
[
〈ϕ| iOˆi(t) |χ〉
]
= 〈ϕ| cos(HˆU t)Oˆi cos(HˆU t) + sin(HˆU t)Oˆi sin(HˆU t) |χ〉 . (C7)
Insertion of the obligatory Rˆ2 = 1 factors concludes the proof. 
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(a) (b)
Figure 1: (Color online) Pair probability (Ppair) as a function of the interaction strength (U) and
time (t) for J = 1, K = 0, d = 0 (a) and d = 1 (b). With increasing time Ppair is converging
rapidly towards an asymptotic value. For d = 0 the pair probability increases with the interaction
strength while for d = 1 there exists an optimal interaction strength for pair formation (except for
very short times). See Sect. II B for more details. All quantities are dimensionless.
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(a) (b)
Figure 2: (Color online) Variance (σpair) of the pair probability as a function of the interaction
strength (U) and time (t) for J = 1, K = 0, d = 0 (a) and d = 1 (b). Both curves have very similar
characteristics, namely a local maximum for intermediate interaction strengths and the convergence
towards a constant value for large times. For d = 1 the maximum of the pair probability and its
variance coincide, see Sect. II B for more details. Therefore, in this regime a large value of the pair
probability goes hand in hand with large fluctuations. All quantities are dimensionless.
24
Figure 3: (Color online) Density [ρ(r, t)] in the relative coordinate as a function of time (t) for
U = 5, J = 1, K = 0 and d = 0. It can be seen that there are three wave-packets propagating in
time. The one propagating to the left and the one propagating to the right (with equal amplitude
due to the bosonic symmetry of the wavefunction) describe the separation of the two particles.
The one with the largest amplitude is centered around the origin and describes the time-evolution
of the pair. See Sect. II B for more details. All quantities are dimensionless.
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Figure 4: (Color online) Same as Fig. 3 but for d = 1. The wave-packet in the middle is less
pronounced than for d = 0. Hence, there is a smaller probability to find a pair. See Sect. II B for
more details. All quantities are dimensionless.
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Figure 5: (Color online) Same as Fig. 3 but for d = 5. In the dynamics with a larger initial distance
new effects like a second splitting of the wave-packet appear. See Sect. II B for more details. All
quantities are dimensionless.
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(a) (b)
Figure 6: (Color online) Asymptotic pair probability [P apair] (a) and its variance [σ
a
pair] (b) as a
function of the effective interaction strength UQ for J = 1 and d = 0 [dashed blue (highest) curve],
d = 1 [solid violet (middle) curve], d = 2 [dot-dashed brown (lowest) curve]. The asymptotic pair
probability has a local maximum for d 6= 0, the asymptotic variance for all initial distances. Since
for d 6= 0 the asymptotic pair probability is always smaller than 12 its maximum and the maximum
of its variance coincide, see Sect. III for more details. All quantities are dimensionless.
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